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Abstract
Let χ be the Dirichlet character modulo q  3 and L(s,χ) denote the corresponding Dirichlet L-
function. The mean value of
∣∣L′
L
(1, χ)
∣∣2k is studied and a few asymptotic formulae are given. Hybrid
mean value of L
′
L
(1, χ), general Kloosterman sums and general quadratic Gauss sums are considered.
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1. Introduction
Let χ be the Dirichlet character modulo q  3 and L(s,χ) denote the corresponding
Dirichlet L-function. It seems that one can hardly estimate L′
L
(1, χ), though it has long his-
tory and plays an important role in number theory (see [1]). However, L′
L
(1, χ) enjoys good
mean value properties. For example, Zhang Wenpeng [2] studied the asymptotic properties
of the summations∑
qQ
q
φ(q)
∑
χ mod q
χ =χ0
∣∣∣∣L′L (1, χ)
∣∣∣∣
4
and
∑
qQ
1
φ(q)
∑
χ mod q
χ =χ0
∣∣∣∣L′L (1, χ)
∣∣∣∣
4
,
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formulae
∑
qQ
q
φ(q)
∑
χ mod q
χ =χ0
∣∣∣∣L′L (1, χ)
∣∣∣∣
4
= Q2 ·
[
1
2
∑
p
(p2 + 1) ln4 p
p(p + 1)(p2 − 1)2 + 2
(∑
p
ln2 p
p2 − 1
)(∑
p
ln2 p
p(p + 1)
)
− 2
∑
p
(p2 − p + 1) ln4 p
p2(p2 − 1)2 + 2
(∑
p
ln2 p
p(p2 − 1)
)2]
+ O(Q ln5 Q)
and
∑
qQ
1
φ(q)
∑
χ mod q
χ =χ0
∣∣∣∣L′L (1, χ)
∣∣∣∣
4
= Q ·
[∑
p
(p2 + 1) ln4 p
p(p + 1)(p2 − 1)2 + 4
(∑
p
ln2 p
p2 − 1
)(∑
p
ln2 p
p(p + 1)
)
− 4
∑
p
(p2 − p + 1) ln4 p
p2(p2 − 1)2 + 4
(∑
p
ln2 p
p(p2 − 1)
)2]
+ O( ln5 Q),
where Q > 3 is a real number, and
∑
p denotes the summation over all primes.
It might be interesting to consider more mean value of L′
L
(1, χ). In Section 2, we study
the mean value of
∣∣L′
L
(1, χ)
∣∣2k
, and give a few asymptotic formulae. Hybrid mean value of
L′
L
(1, χ), general Kloosterman sums and general quadratic Gauss sums will be considered
in Sections 3 and 4, respectively.
2. Mean value of
∣
∣L
′
L (1,χ)
∣
∣
2k
We shall prove the following theorems, which will be used later.
Theorem 2.1. For any positive integer k, we have
∑
χ mod q
χ =χ0
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= A(k, q)φ(q) + O(q),
where
A(k, q) =
+∞∑
n=1
τ 2k (n)
n2(n,q)=1
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τk(n) =
∑
m1m2···mk=n
Λ(m1)Λ(m2) · · ·Λ(mk),
Λ(n) is the Mangoldt function, and  is any positive number.
Proof. Let χ1 be the non-principal real character modulo q , then from C.L. Siegel’s theo-
rem [3] and the properties of L-functions we know that
L′
L
(1, χ1)  q
 log2 q
C1()
. (2.1)
For any complex character χ modulo q , and q  exp[C′(logx)1/2], where C′ is any posi-
tive constant, and exp(y) = ey . From [1] we have
Ψ (x,χ) =
∑
nx
χ(n)Λ(n)  x exp(−C′′(logx)1/2)
for some positive C′′ depending only on C′. Then for parameter
N  exp
(
log2 q
(C′)2
)
,
by Abel’s identity we can get
L′
L
(1, χ) =
+∞∑
n=1
χ(n)Λ(n)
n
=
∑
1nN
χ(n)Λ(n)
n
+
+∞∫
N
∑
N<ny χ(n)Λ(n)
y2
dy
=
∑
1nN
χ(n)Λ(n)
n
+ O
(
logN
exp(C′′(logN)1/2)
)
. (2.2)
Therefore by (2.1) and (2.2) we have
∑
χ mod q
χ =χ0
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
=
∑
χ mod q
χ =χ0
χ =χ1
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
+ O
(
q2k log4k q
C2k1 ()
)
=
∑
χ mod q
χ =χ0
χ =χ1
∣∣∣∣ ∑
1nN
χ(n)Λ(n)
n
∣∣∣∣
2k
+ O
(
φ(q) log2k N
exp(C′′(logN)1/2)
)
+ O
(
q2k log4k q
C2k1 ()
)
=
∑ ∣∣∣∣ ∑ χ(n)Λ(n)n
∣∣∣∣
2k
+ O(log2k N)
χ mod q 1nN
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)+ O
(
φ(q) log2k N
exp(C′′(logN) 12 )
)
+ O
(
q2k log4k q
C2k1 ()
)
. (2.3
Then from the orthogonality relations for character sums we can get
∑
χ mod q
∣∣∣∣ ∑
1nN
χ(n)Λ(n)
n
∣∣∣∣
2k
=
∑
χ mod q
∣∣∣∣ ∑
1nNk
χ(n)τk(n)
n
∣∣∣∣
2
=
∑
1n1Nk
∑
1n2Nk
τk(n1)τk(n2)
n1n2
∑
χ mod q
χ(n1)χ(n2)
= φ(q)
∑
1n1Nk
(n1,q)=1
∑
1n2Nk
(n2,q)=1
n1≡n2 mod q
τk(n1)τk(n2)
n1n2
= φ(q)
∑
1nNk
(n,q)=1
τ 2k (n)
n2
+ O
(
φ(q)
∑
1n1Nk
∑
1−n1
q
lN
k−n1
q
l =0
log2k N
n1(lq + n1)
)
= φ(q)
+∞∑
n=1
(n,q)=1
τ 2k (n)
n2
+ O(log2k+2 N). (2.4)
Now taking
N = max
{
exp
(
log2 q
(C′)2
)
, exp
(
log2 q
(C′′)2
)}
in (2.3) and (2.4), we immediately get
∑
χ mod q
χ =χ0
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= A(k, q)φ(q) + O(q).
This proves Theorem 2.1. 
Using the similar methods, we can also have the following:
Theorem 2.2. For any positive integer k, we have
∑
χ mod q
χ =χ0
χ(−1)=1
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= A(k, q)
2
φ(q) + O(q).
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Let q  3 be a positive integer. For any integers m and n, the classical Kloosterman
sums K(m,n;q) are defined as follows:
K(m,n;q) =
q∑
a=1
′
e
(
ma + na
q
)
,
where
∑′ denotes the summation over all a such that (a, q) = 1, aa ≡ 1 mod q and
e(y) = e2πiy .
Perhaps the most famous property of K(m,n;q) is the estimate (see [4,5])∣∣K(m,n;q)∣∣ d(q)q1/2(m,n, q)1/2, (3.1)
where d(q) is the divisor function, (m,n, q) denotes the greatest common divisor of m,
n and q . For q be a prime p, H.D. Kloosterman [6] studied the fourth power mean of
K(a,1;p), and proved the identity
p−1∑
a=1
∣∣K(a,1;p)∣∣4 = 2p3 − 3p2 − 3p − 1.
This identity can also be found in H. Iwaniec [7]. H. Salié [8] and H. Davenport (indepen-
dently) obtained the estimate
p−1∑
a=1
∣∣K(a,1;p)∣∣6  p4.
Zhang Wenpeng [9] found that there are some relationships between Kloosterman sums
and Cochrane sum
c(h, q) =
q∑
a=1
′
((
a
q
))((
ah
q
))
,
where
((x)) =
{
x − [x] − 12 , if x is not an integer;
0, if x is an integer.
For example, if q is a square-full number, then
q∑
h=1
′
c(h, q)K(h,1;q) = − 1
2π2
qφ(q) + O
(
q exp
(
3 lnq
ln lnq
))
.
For general integer q  3, he obtained [10] the asymptotic formula
q∑
h=1
′
c(h, q)K(h,1;q) = − 1
2π2
qφ(q)
∏
p‖q
(
1 − 1
p(p − 1)
)
+ O(q3/2+).
Furthermore, Zhang Wenpeng and the first author [11] proved that the error term in above
formula is O(q1+).
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K(m,n,χ;q) =
q∑
a=1
χ(a)e
(
ma + na
q
)
.
The various properties of K(m,n,χ;q) were investigated by many authors. For example,
A.V. Malyshev [12] obtained a sharper upper bound estimation for K(m,n,χ;p). That is,∣∣K(m,n,χ;p)∣∣ (m,n,p)1/2p1/2+ .
For an arbitrary composite number q , we do not know how large |K(m,n,χ;q)| is. In fact
the value of |K(m,n,χ;q)| is quite irregular if q is not a prime.
However, it is surprising that K(m,n,χ;p) enjoys many good values distribution prop-
erties. Zhang Wenpeng proved the following (see [13,14]):
∑
χ mod q
q∑
m=1
∣∣K(m,n,χ;q)∣∣4
= φ2(q)q2d(q)
∏
pα‖q
(
1 − 2
α + 1
pα−1 − 1
pα(p − 1) +
α − 4pα−1
(α + 1)pα
)
and
p∑
m=1
∣∣K(m,n,χ;p)∣∣4 =
⎧⎨
⎩
p(2p2 − 3p − 3), if χ is the principal character mod p;
p2(3p − 7), if χ is the Legendre symbol;
2p2(p − 3), if χ is a complex character mod p.
He also studied the mean value of Dirichlet L-functions with the weight of general Kloost-
erman sums, and obtained the following several interesting asymptotic formulae (see [15,
16]): ∑
χ mod q
χ =χ0
∣∣K(m,n,χ;q)∣∣2∣∣L(1, χ)∣∣2k
=
(
π2
6
)2k−1
φ2(q)
∏
p|q
(
1 − 1
p2
)2k−1∏
p†q
(
1 − 1 −
(2k−2
k−1
)
p2
)
+ O(q3/2+)
and
∑
qQ
A(q)
φ2(q)
∑
χ mod q
|K(m,n,χ;q)|2
|L(1, χ)| = C2 · Q + O
(
Q1/2 · ln6 Q),
where (mn,q) = 1, (n
m
)= n!
m!(n−m)! ,
C2 =
∏[
1 +
(2
1
)2
42 · p2 +
(4
2
)2
44 · 32 · p4 + · · · +
(2n
n
)2
42n · (2n − 1)2 · p2n + · · ·
]
p
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A(q) =
∏
p|q
[
1 +
(2
1
)2
42 · p2 +
(4
2
)2
44 · 32 · p4 + · · · +
(2n
n
)2
42n · (2n − 1)2 · p2n + · · ·
]
.
It is very natural to consider the hybrid mean value of L′
L
(1, χ) and general Klooster-
man sums, and try to give some asymptotic formulae. In this section, we shall prove the
following:
Theorem 3.1. For any positive integer k and integers m and n with (mn,q) = 1, we have
∑
χ mod q
χ =χ0
∣∣K(m,n,χ;q)∣∣2∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= A(k, q)φ2(q) + O(q3/2+).
To prove Theorem 3.1, we need the following lemma:
Lemma 3.1. For any positive integer k and integers m and n with (mn,q) = 1, we have
∑
χ mod q
χ =χ0
[
q∑
a=2
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
)]∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
 q3/2+ .
Proof. Noting that
(m,q) = (n, q) = (a, q) = 1
and
(a − 1, q) = (aa − a, q) = (a(a − 1), q)= (a − 1, q),
we have(
m(a − 1), n(a − 1), q)= (a − 1, q).
Then from (3.1) we can get
q∑
a=2
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
)
 q 12 d(q)
q∑
a=2
(a − 1, q) 12
= q 12 d(q)
∑
d|q
d
1
2
∑
1lq/d
1  q 32 d2(q). (3.2)
For any parameter
N  exp
(
log2 q
(C′)2
)
,
by (2.1), (2.2) and (3.2) we have
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χ mod q
χ =χ0
[
q∑
a=2
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
)]∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
=
∑
χ mod q
χ =χ0
χ =χ1
[
q∑
a=2
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
)]∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
+ O
(
q
3
2 d2(q)q2k log4k q
C2k1 ()
)
=
∑
χ mod q
χ =χ0
χ =χ1
[
q∑
a=2
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
)]∣∣∣∣ ∑
1lN
χ(l)Λ(l)
l
∣∣∣∣
2k
+ O
(
q
5
2 d2(q) log2k N
exp(C′′(logN) 12 )
)
+ O
(
q
3
2 d2(q)q2k log4k q
C2k1 ()
)
=
∑
χ mod q
[
q∑
a=2
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
)]∣∣∣∣ ∑
1lN
χ(l)Λ(l)
l
∣∣∣∣
2k
+ O(q 32 d2(q) log2k N)+ O( q 52 d2(q) log2k N
exp(C′′(logN) 12 )
)
+ O
(
q
3
2 d2(q)q2k log4k q
C2k1 ()
)
. (3.3)
Then from the orthogonality relations for character sums and (3.2) we can get
∑
χ mod q
[
q∑
a=2
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
)]∣∣∣∣ ∑
1lN
χ(l)Λ(l)
l
∣∣∣∣
2k
=
∑
χ mod q
[
q∑
a=2
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
)]∣∣∣∣ ∑
1lNk
χ(l)τk(l)
l
∣∣∣∣
2
=
q∑
a=2
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
) ∑
1n1Nk
∑
1n2Nk
τk(n1)τk(n2)
n1n2
×
∑
χ mod q
χ(an1)χ(n2)
 q 12 d(q)φ(q) log2k N
q∑
a=2
(a − 1, q) 12
∑
1n1Nk
∑
1n2Nk
1
n1n2an1≡n2 mod q
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q∑
a=2
(a − 1, q) 12
∑
1n1Nk
1
an21
+ q 12 d(q)φ(q) log2k N
q∑
a=2
(a − 1, q) 12
∑
1n1Nk
∑
1−an1
q
lN
k−an1
q
l =0
1
n1(lq + an1)
 q 12 d(q)φ(q) log2k N
q∑
a=2
(a − 1, q) 12
a
+ q 12 d(q) log2k+2 N
q∑
a=2
(a − 1, q) 12
 q 12 d(q)φ(q) log2k N
∑
d|q
∑
1lN/d
d
1
2
ld + 1 + q
1
2 d(q) log2k+2 N
×
∑
d|q
d
1
2
∑
1lq/d
1
 q 12 d2(q)φ(q) log2k+1 N + q 32 d2(q) log2k+2 N
 q 32 d2(q) log2k+2 N. (3.4)
Now taking
N = max
{
exp
(
log2 q
(C′)2
)
, exp
(
log2 q
(C′′)2
)}
in (3.3) and (3.4), we immediately get
∑
χ mod q
χ =χ0
[
q∑
a=2
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
)]∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
 q 32 +.
This proves Lemma 3.1. 
Proof of Theorem 3.1. From the properties of residue systems we have
∣∣K(m,n,χ;q)∣∣2 = q∑
a=1
χ(a)e
(
ma + na
q
) q∑
b=1
χ(b)e
(
−mb + nb
q
)
=
q∑
a=1
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
)
= φ(q) +
q∑
a=2
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
)
.
Therefore by Theorem 2.1 and Lemma 3.1 we can get
∑
χ mod q
∣∣K(m,n,χ;q)∣∣2∣∣∣∣L′L (1, χ)
∣∣∣∣
2kχ =χ0
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∑
χ mod q
χ =χ0
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
+
∑
χ mod q
χ =χ0
[
q∑
a=2
q∑
b=1
′
χ(a)e
(
mb(a − 1) + nb(a − 1)
q
)]∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= A(k, q)φ2(q) + O(q3/2+).
This completes the proof of Theorem 3.1. 
4. Hybrid mean value of L′L (1,χ) and general quadratic Gauss sums
For any integer n, the general quadratic Gauss sums G(n,χ;q) are defined as follows:
G(n,χ;q) =
q∑
a=1
χ(a)e
(
na2
q
)
.
The value of |G(n,χ;q)| is irregular as χ varies. One can only get some upper bound
estimates. For example, for any integer n with (n, q) = 1, from the general result of
T. Cochrane and Zheng Zhiyong [17] we can deduce∣∣G(n,χ;q)∣∣ 2ω(q)q1/2,
where ω(q) denotes the number of distinct prime divisors of q . The case that q is prime is
due to A. Weil [18].
G(n,χ;q) enjoys many good value distribution properties in some problems of
weighted mean value. Zhang Wenpeng [19] studied the hybrid mean value of Dirichlet
L-functions and the general quadratic Gauss sums, and obtained the following several in-
teresting asymptotic formulae:∑
χ mod q
χ =χ0
∣∣G(n,χ;p)∣∣2 · ∣∣L(1, χ)∣∣= C3 · p2 + O(p3/2 ln2 p)
and ∑
χ mod q
χ =χ0
∣∣G(n,χ;p)∣∣4 · ∣∣L(1, χ)∣∣= 3 · C3 · p3 + O(p5/2 ln2 p),
where
C3 =
∏
p
[
1 +
(2
1
)2
42 · p2 +
(4
2
)2
44 · p4 + · · · +
(2m
m
)2
42m · p2m + · · ·
]
is a constant, and (n,p) = 1. For p ≡ 3 mod 4, we also have∑
χ mod p
∣∣G(n,χ;p)∣∣6 · ∣∣L(1, χ)∣∣= 10 · C3 · p4 + O(p7/2 ln2 p).
χ =χ0
572 H. Liu, X. Zhang / J. Math. Anal. Appl. 320 (2006) 562–577In this section, we shall study the hybrid mean value of L′
L
(1, χ) and G(n,χ;p), and
give some asymptotic formulae. That is, we shall prove the following:
Theorem 4.1. For any positive integer k and integer n with (n,p) = 1, we have∑
χ mod p
χ =χ0
∣∣G(n,χ;p)∣∣4∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= 3A(k,p)p3 + O(p5/2+).
Theorem 4.2. Let p be an odd prime with p ≡ 3 mod 4, then for any positive integer k
and integer n with (n,p) = 1, we have∑
χ mod p
χ =χ0
∣∣G(n,χ;p)∣∣6∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= 10A(k,p)p4 + O(p7/2+).
To prove Theorems 4.1 and 4.2, we need the following lemmas:
Lemma 4.1. Let p be a prime, n be an integer with (n,p) = 1, G(n;p) be the classical
quadratic Gauss sums. Then we have
∣∣G(n,χ;p)∣∣2 = 2p + χ1(n)G(1;p)p−1∑
a=1
χ(a)χ1
(
a2 − 1),
G(1;p) = 1
2
√
p(1 + i)(1 + e−πip/2)= {√p, if p ≡ 1 mod 4;
i
√
p, if p ≡ 3 mod 4,
and (
p−1∑
a=1
χ(a)χ1
(
a2 − 1)
)2
= 2χ1(−1)(p − 3) +
p−2∑
a=2
p−1∑
b=1
χ(a)χ1
(
a2 − b2)χ1(b2 − 1).
Proof. See Ref. [19]. 
Lemma 4.2. For any positive integer k and integer n with (n,p) = 1, we have
(I)
p−1∑
a=1
χ1
(
a2 − 1) ∑
χ mod p
χ =χ0
χ(−1)=1
χ(a)
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
 p1+;
(II)
p−2∑
a=2
p−1∑
b=1
χ1
(
a2 − b2)χ1(b2 − 1) ∑
χ mod p
χ =χ0
χ(−1)=1
χ(a)
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
 p 32 + .
H. Liu, X. Zhang / J. Math. Anal. Appl. 320 (2006) 562–577 573Proof. We only prove (II), since similarly we can deduce (I). Noting that the estimate of
A. Weil [18]
p−1∑
b=1
χ1
(
a2 − b2)χ1(b2 − 1) 3√p, if a2 ≡ 1 mod p, (4.1)
and for (ab,p) = 1, by the orthogonality relations for character sums modulo p we have∑
χ mod p
χ(−1)=1
χ(a)χ(b) =
{ 1
2 (p − 1), if a ≡ ±b mod p;
0, otherwise.
(4.2)
Then for any parameter
N  exp
(
log2 p
(C′)2
)
,
from (2.1) and (2.2) we can get
p−2∑
a=2
p−1∑
b=1
χ1
(
a2 − b2)χ1(b2 − 1) ∑
χ mod p
χ =χ0
χ(−1)=1
χ(a)
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
=
p−2∑
a=2
p−1∑
b=1
χ1
(
a2 − b2)χ1(b2 − 1) ∑
χ mod p
χ(−1)=1
χ(a)
∣∣∣∣ ∑
1lN
χ(l)Λ(l)
l
∣∣∣∣
2k
+ O(p 32 log2k N)+ O( p 52 log2k N
exp(C′′(logN) 12 )
)
+ O
(
p
3
2 p2k log4k p
C2k1 ()
)
. (4.3)
By (4.1) and (4.2) we have
p−2∑
a=2
p−1∑
b=1
χ1
(
a2 − b2)χ1(b2 − 1) ∑
χ mod p
χ(−1)=1
χ(a)
∣∣∣∣ ∑
1lN
χ(l)Λ(l)
l
∣∣∣∣
2k
=
p−2∑
a=2
p−1∑
b=1
χ1
(
a2 − b2)χ1(b2 − 1) ∑
χ mod p
χ(−1)=1
χ(a)
∣∣∣∣ ∑
1lNk
χ(l)τk(l)
l
∣∣∣∣
2
=
∑
1n1Nk
∑
1n2Nk
τk(n1)τk(n2)
n1n2
p−2∑
a=2
p−1∑
b=1
χ1
(
a2 − b2)χ1(b2 − 1)
×
∑
χ mod p
χ(−1)=1
χ(an1)χ(n2)
= p − 1
2
∑
1n1Nk
∑
1n2Nk
τk(n1)τk(n2)
n1n2(n1,p)=1 (n2,p)=1
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p−2∑
a=2
an1≡n2 mod p
p−1∑
b=1
χ1
(
a2 − b2)χ1(b2 − 1)
− p − 1
2
∑
1n1Nk
(n1,p)=1
∑
1n2Nk
(n2,p)=1
τk(n1)τk(n2)
n1n2
×
p−2∑
a=2
an1≡−n2 mod p
p−1∑
b=1
χ1
(
a2 − b2)χ1(b2 − 1)
 p 32 log2k+2 N. (4.4)
Now taking
N = max
{
exp
(
log2 p
(C′)2
)
, exp
(
log2 p
(C′′)2
)}
in (4.3) and (4.4), we immediately get
p−2∑
a=2
p−1∑
b=1
χ1
(
a2 − b2)χ1(b2 − 1) ∑
χ mod p
χ =χ0
χ(−1)=1
χ(a)
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
 p 32 +.
This completes the proof of Lemma 4.2. 
Proof of Theorems 4.1 and 4.2. Noting that G(n,χ;p) = 0 for odd character χ mod-
ulo p, then for any integer n with (n,p) = 1, from Lemmas 4.1, 4.2 and Theorem 2.2 we
have
∑
χ mod p
χ =χ0
∣∣G(n,χ;p)∣∣4∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
=
∑
χ mod p
χ =χ0
χ(−1)=1
∣∣G(n,χ;p)∣∣4∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
=
∑
χ mod p
χ =χ0
χ(−1)=1
[
2p + χ1(n)G(1;p)
p−1∑
a=1
χ(a)χ1
(
a2 − 1)
]2∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= 4p2
∑
χ mod p
χ =χ0
∣∣∣∣L′L (1, χ)
∣∣∣∣
2kχ(−1)=1
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p−1∑
a=1
χ1
(
a2 − 1) ∑
χ mod p
χ =χ0
χ(−1)=1
χ(a)
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
+ G2(1;p)
∑
χ mod p
χ =χ0
χ(−1)=1
(
p−1∑
a=1
χ(a)χ1
(
a2 − 1)
)2∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= (6p2 − 6p) ∑
χ mod p
χ =χ0
χ(−1)=1
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
+ 4pG(1;p)χ1(n)
p−1∑
a=1
χ1
(
a2 − 1) ∑
χ mod p
χ =χ0
χ(−1)=1
χ(a)
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
+ G2(1;p)
p−2∑
a=2
p−1∑
b=1
χ1
(
a2 − b2)χ1(b2 − 1) ∑
χ mod p
χ =χ0
χ(−1)=1
χ(a)
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= 3A(k,p)p3 + O(p5/2+).
This proves Theorem 4.1.
For any odd prime p with p ≡ 3 mod 4, we have χ1(−1) = −1. From (10) of [19] we
know that
∑
χ mod p
χ =χ0
∣∣G(n,χ;p)∣∣6∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
=
∑
χ mod p
χ =χ0
χ(−1)=1
[
2p + χ1(−n)G(1;p)
p−1∑
a=1
χ(a)χ1
(
a2 − 1)
]3∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
.
Then from Lemmas 4.1, 4.2 and Theorem 2.2 we have
∑
χ mod p
χ =χ0
∣∣G(n,χ;p)∣∣6∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= 1
2
[ ∑
χ mod p
∣∣G(n,χ;p)∣∣6∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
+
∑
χ mod p
∣∣G(n,χ;p)∣∣6∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
]χ =χ0 χ =χ0
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2
∑
χ mod p
χ =χ0
χ(−1)=1
[
2p + χ1(n)G(1;p)
p−1∑
a=1
χ(a)χ1
(
a2 − 1)
]3∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
+ 1
2
∑
χ mod p
χ =χ0
χ(−1)=1
[
2p − χ1(n)G(1;p)
p−1∑
a=1
χ(a)χ1
(
a2 − 1)
]3∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
=
∑
χ mod p
χ =χ0
χ(−1)=1
[
8p3 + 6pG2(1;p)
(
p−1∑
a=1
χ(a)χ1
(
a2 − 1)
)2]∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= (20p3 − 36p2) ∑
χ mod p
χ =χ0
χ(−1)=1
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
+ 6pG2(1;p)
p−2∑
a=2
p−1∑
b=1
χ1
(
a2 − b2)χ1(b2 − 1) ∑
χ mod p
χ =χ0
χ(−1)=1
χ(a)
∣∣∣∣L′L (1, χ)
∣∣∣∣
2k
= 10A(k,p)p4 + O(p7/2+).
This completes the proof of Theorem 4.2. 
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